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Applications I
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Agenda

Fun and games
•  Word search puzzles
•  Game playing

Stacks and compilers
• Checking for balanced symbols
• Operator precedence parsing
• Recursive descent parsing

Utilities
•  File-compression (Huffman’s algorithm)
•  Cross-referencing
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Word search puzzle

Problem: Given a two-dimensional array of characters and a list 
of words, find the words in the grid. 

These words may be horizontal, vertical, or diagonal (for a total of 
8 directions).

The grid contains the words: this, two, fat, and that.
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An inefficient algorithm:

for each word W in the word list
     for each row R
         for each column C

            for each direction D
                  check if W exists at row R, column C 
                                    in direction D

Solution algorithms

Suppose R = C = 32, and W = 40,000                             
Number of string comparisons: 

W*R*C*8 = 40,000*32*32*8 = 327,680,000
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Improved algorithm:

for each row R
     for each column C
         for each direction D
               for each word length L
                   check if L chars starting at row R
                         column C in direction D form a word
 

Suppose R = C = 32, W = 40,000, and Lmax = 20                                 
Maximum number of checks: R*C*8*Lmax = 32*32*8*20 =  163,840

If the word list is sorted, we can use binary search and perform each check in 
roughly log2W string comparisons.         
Total number of string comparisons ≈ 163,840*16 = 2,612,440

For the example data, this algorithm is about 125 times faster than the previous 
one.



6

Whether the L characters form a prefix may be determined by 
binary search.

Further improved algorithm:

for each row R
     for each column C
         for each direction D
               for each word length L
                   check if L chars starting at row R,
                         column C indirection D form a word
                   if they do not form a prefix, 
                     break; // the innermost loop
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Implementation in Java

int solvePuzzle() {
    int matches = 0;

    for (int r = 0; r < rows; r++)
        for (int c = 0; c < columns; c++)
            for (int rd = -1; rd <= 1; rd++)
                for (int cd = -1; cd <= 1; cd++)
                    if (rd != 0 || cd != 0)
                        matches += solveDirection(r, c, rd, cd);
    return matches;
}

r,c
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int solveDirection(int r, int c, int rd, int cd) {
    int numMatches = 0;
    String prefix = "" + theBoard[r][c];

    for (int i = r + rd, j = c + cd;
         i >= 0 && j >= 0 && i < rows && j < columns;
         i += rd, j += cd) {
        prefix += theBoard[i][j];
        int index = prefixSearch(theWords, prefix);
        if (!theWords[index].startsWith(prefix))
            break;
        if (theWords[index].equals(prefix)) {
            numMatches++;
            System.out.println("Found " + prefix + " at " +
                               r + " " + c + " to " +
                               i + " " + j );
        }
    }
    return numMatches;
}
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int prefixSearch(String[] a, String prefix) {
    int low = 0;
    int high = a.length - 1;

    while (low < high) {
        int mid = (low + high) / 2;
        if (a[mid].compareTo(prefix) < 0)
            low = mid + 1;
        else
            high = mid;
    }
    return low;
}

prefix ≤ a[low] ∧ (low = 0 ∨ prefix > a[low -1]) 
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Recall that the binarySearch method in the Collections API 
returns either the index of a match or the position of the smallest 
element that is at least as large as the target, plus 1 (as a negative 
number).

int prefixSearch(String[] a, String prefix) {
    int idx = Arrays.binarySearch(prefix);
    return idx >= 0 ? idx : -idx - 1;
}

or
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Arrays.sort(theWords);
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 char[][] theBoard;
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Games
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The game of Tic-Tac-Toe

...

...

............

O wins Draw X wins

Terminal positions
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OXO for EDSAC, 1952
OXO was the first 
digital graphical 
game to run on a 
computer.

Electronic Delay Storage Automatic Calculator (EDSAC), 1949.
1024 locations, each containing 18 bits. One instruction per second.
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public class TicTacToe {
    public static final int HUMAN        = 0;

public static final int COMPUTER     = 1;
public static final int EMPTY        = 2;

   public static final int HUMAN_WIN    = -1;
public static final int DRAW         =  0; 
public static final int COMPUTER_WIN = +1;
public static final int UNCLEAR      =  2;

  
   public TicTacToe() { clearBoard(); }

    public Best chooseMove(int side) { ... }
public boolean playMove(int side, int row, int column) { ... }
public void clearBoard() { ... }

    public boolean boardIsFull() { ... }
    public boolean isAWin(int side) { ... }

    private int[][] board = new int[3][3];
    private void place(int row, int column, int piece) { ... }    
    private boolean squareIsEmpty(int row, int column) { ... }
    private int positionValue() { ... }              
}
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class Best {
    int row, column;
    int val;

    public Best(int v, int r, int c)
      { val = v; row = r; column = c; } 

    public Best(int v)
      { this(v, 0, 0); }
}



22

The minimax strategy

1.  A terminal position can immediately be evaluated, so if the 
position is terminal, return its value.

2.  Otherwise, if it is the computer’s turn to move, return the 
maximum value of all positions reachable by making one 
move. The reachable values are calculated recursively.

3. Otherwise, if it is the human player’s turn to move, return the 
minimum value of all positions reachable by making one 
move. The reachable values are calculated recursively.

Best chooseMove(int side)
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public Best chooseMove(int side) {
    int bestRow = 0, bestColumn = 0;

int value, opp;

    if ((value = positionValue()) != UNCLEAR)
    return new Best(value);

    if (side == COMPUTER) { opp = HUMAN; value = HUMAN_WIN; } 
else { opp = COMPUTER; value = COMPUTER_WIN; }

    for (int row = 0; row < 3; row++)     
    for (int column = 0; column < 3; column++)     
        if (squareIsEmpty(row, column)) {

                place(row, column, side);
                Best reply = chooseMove(opp);
                place(row, column, EMPTY);
                if (side == COMPUTER && reply.val > value ||

     side == HUMAN    && reply.val < value) {
                    value = reply.val; 
                    bestRow = row; bestColumn = column;

         }
 }

    return new Best(value, bestRow, bestColumn);
}

HUMAN_WIN = -1 COMPUTER_WIN = +1;
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Minimax does more searching
than necessary

C1 C2 C3

H2a H2b H2dH2c

DRAW

DRAW Pruning:               
C2 can never be better than DRAW

Maximize

Minimize

Pruning
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Alpha-beta pruning

Alpha-beta stops completely evaluating a move when at least 
one possibility has been found that proves the move to be 
worse than or equal to a previously examined move. 

Your enemy lost a bet and owes you one thing from a number of 
bags. You choose bag, but he chooses thing. Go through the bags one 
item at a time.

First bag: VM soccer tickets, sandwich, and $20
He well choose the sandwich

Second bag: Dead fish, …
He will choose dead fish. Doesn’t matter if the rest is a car 
and $50. You don’t need to look further in that bag.
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Alpha-beta pruning example
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Alpha-beta pruning
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We say that the move H2a is a refutation of the move C2.
It proves that C2 is not a better move than what already been seen. 

alpha: The currently best value achieved by the computer (MAX)  
beta:   The currently best value achieved by the human player (MIN)

Prune

(1) when the human player achieves a value less than or equal to alpha.

(2) when the computer achieves a value greater than or equal to beta. 

Alpha-beta pruning

Prune when alpha ≥ beta

refutation (en): gendrivelse (da)
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public Best chooseMove(int side, int alpha, int beta) {
    int bestRow = 0, bestColumn = 0;
    int value, opp;
    if ((value = positionValue()) != UNCLEAR)
        return new Best(value);
    if (side == COMPUTER) { opp = HUMAN; value = alpha; }
    else { opp = COMPUTER; value = beta; }
Outer:
    for (int row = 0; row < 3; row++)
        for (int column = 0; column < 3; column++)
            if (squareIsEmpty(row, column)) {
                place(row, column, side);
                Best reply = chooseMove(opp, alpha, beta);
                place(row, column, EMPTY);
                if (side == COMPUTER && reply.val > value ||
                    side == HUMAN    && reply.val < value) {
                    value = reply.val;
                    if (side == COMPUTER) alpha = value;
                    else beta = value; 
                    bestRow = row; bestColumn = column;
                    if (alpha >= beta)
                        break Outer;
                }
            }
    return new Best(value, bestRow, bestColumn);
}   
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Best chooseMove(int side) {
    return chooseMove(side, HUMAN_WIN, COMPUTER_WIN);
}

Driver routine

HUMAN_WIN = -1 COMPUTER_WIN = +1;
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The effect of alpha-beta pruning

Alpha-beta pruning is most efficient if it searches the best 
move first.

In practice, alpha-beta pruning limits the searching to O(    ) 
nodes, where N is the number of nodes that would be 
examined without alpha-beta pruning.

N

Or, equivalently, the search can go twice as deep with the 
same amount of computation.

where b is the branching factor
b2d = bd
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Pruning by a transposition table
Avoid re-computations by saving evaluated positions in a table

Use a transposition table. Such a table is a hash table of each of the 
positions analyzed so far up to a certain depth. On encountering a new 
position, the program checks the table to see if the position has already 
been analyzed; this can be done quickly, in expected constant time
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class Position {
    int[][] board;

    Position(int theBoard[][]) {
        board = new int[3][3];
        for (int i = 0; i < 3; i++)
            for (int j = 0; j < 3; j++)
                board[i][j] = theBoard[i][j];
    }

    @override public boolean equals(Object rhs) {
        for (int i = 0; i < 3; i++)
            for (int j = 0; j < 3; j++)
                if (board[i][j] != ((Position) rhs).board[i][j])
                    return false;
        return true;
    }

    @override public int hashCode() {
        int hashVal = 0;
        for (int i = 0; i < 3; i++)
            for (int j = 0; j < 3; j++)
                hashVal = hashVal * 4 + board[i][j];
        return hashVal;
    }
}
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public Best chooseMove(int side, int alpha, int beta,
                       int depth) {
    int bestRow = 0, bestColumn = 0;
    int value, opp; 
    Position thisPosition = new Position(board);

    if ((value = positionValue()) != UNCLEAR)
        return new Best(value);
    if (depth == 0)
        transpositions.clear(); 
    else if (depth >= 3 && depth <= 5) {
        Integer lookupVal = transpositions.get(thisPosition);
        if (lookupVal != null)
            return new Best(lookupVal);
    }
    ... chooseMove(opp, alpha, beta, depth + 1); ...
    if (depth >= 3 && depth <= 5)
        transpositions.put(thisPosition, value);
    return new Best(value, bestRow, bestColumn);
}   

private Map<Position,Integer> transpositions = 
    new HashMap<Position,Integer>(); 
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Alpha-beta pruning reduces the search from about 500,000 
positions to about 18,000 positions.

The effect of alpha-beta pruning and 
a transposition table for Tic-Tac-Toe

The use of a transposition table removes about half of the 
18,000 positions from consideration. The program’s speed 
is almost doubled.

Further speedup is possible by taking symmetries into account.
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package twoPersonGame;

public abstract class Position {  
    public boolean maxToMove;

public abstract List<Position> successors();
public abstract int value();
public int alpha_beta(int alpha, int beta, int maxDepth) { ... };
public Position bestSuccessor;       

}

A general Java package for 
two-person game playing

by Keld Helsgaun
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public int alpha_beta(int alpha, int beta, int maxDepth) {
    List<Position> successors;
    if (maxDepth <= 0 || 
        (successors = successors()) == null || successors.isEmpty())
        return value();
    for (Position successor : successors) {
        int value = successor.alpha_beta(alpha, beta, maxDepth - 1);
        if (maxToMove && value > alpha) {
            alpha = value;
            bestSuccessor = successor;
        } else if (!maxToMove && value < beta) {
            beta = value;
            bestSuccessor = successor;
        }
        if (alpha >= beta)
            break;
    }
    return maxToMove ? alpha : beta; 
}
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public int alpha_beta(int alpha, int beta, int maxDepth) {
    List<Position> successors;
    if (maxDepth <= 0 || 

    (successors = successors()) == null || successors.isEmpty())
     return (maxToMove ? 1 : -1) * value();

for (Position successor : successors) {
        int value = -successor.alpha_beta(-beta, -alpha, maxDepth - 1);
        if (value > alpha) {
            alpha = value;
            bestSuccessor = successor;
        }

    if (alpha >= beta)
            break;
    }
    return alpha; 
}

Reduction of code (negamax)



39

import twoPersonGame.*;

public class TicTacToePosition extends Position {
    public TicTacToePosition(int row, int column, 
                             TicTacToePosition predecessor) { ... }
    @Override public List<Position> successors() {
        List<Position> successors = new ArrayList<Position>();
        if (!isTerminal())
            for (int row = 0; row < 3; row++)
                for (int column = 0; column < 3; column++)
                    if (board[row][column] == '.')
                        successors.add(
                          new TicTacToePosition(row, column, this));
        return successors;  
    }
    @Override public int value() 
      { return isAWin('O') ? 1 : isAWin('X') ? -1 : 0; }
    public boolean boardIsFull() { ... }
    public boolean isAWin(char symbol) { ... }
    public boolean isTerminal() { ... }
    public void print() { ... }

    int row, column;
    char[][] board = new char[3][3];
}



40

Stacks and compilers
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Balanced symbol-checker

Problem: Given a string containing parentheses, determine if for 
every left parenthesis there exists a matching right parenthesis.

For example the parentheses balance in "[()]", but not in "[(])".

In the following, we simplify the problem by assuming that the string 
only consists of parentheses.



42

Only one type of parenthesis

If there is only one type of parenthesis, e.g., ’(’ and ’)’, the solution is 
simple.
We can check the balance by means of a counter.

boolean balanced(String s) {
    int balance = 0;
    for (int i = 0; i < s.length(); i++) {
        char c = s.charAt(i);
        if (c == '(')

        balance++;
        else if (c == ')') {
            balance--;
            if (balance < 0)
                return false;

    }
    }
    return balance == 0;
}
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However, if there is more than one type of parenthesis, the problem 
cannot be solved by means of counters.

However, we can check the balance by means of a stack:

1. Make an empty stack.
     2. Read symbols until the end of the string.

  a. If the symbol is an opening symbol, push it onto the stack.
          b. If it is a closing symbol, do the following

      i. If the stack is empty, report an error.

     ii. Otherwise, pop the stack. If the symbol popped is    
             not the corresponding opening symbol, report an error.

   3. At the end of the string, if the stack is not empty, report an error.

More than one type of parenthesis
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Example
Symbols: (  ) [ ] { }

String s = "([]}" 

(

(

[

[

( (

] } Error!
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} 
) 
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class CharStack {
    void push(char ch) { stack[++top] = ch; }
    char pop() { return stack[top--]; }
    boolean isEmpty() { return top == -1; }

    private char[] stack = new char[100];
    private int top = -1;
} 

Stack of characters
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Java code

boolean balanced(String s) {
    CharStack stack = new CharStack();
    for (int i = 0; i < s.length(); i++) {
        char c = s.charAt(i);
        if (c == '(' || c == '[' || c == '{') 
            stack.push(c);
        else if (stack.isEmpty() ||
            (c == ')' && stack.pop() != '(')) ||
            (c == ']' && stack.pop() != '[')) ||
            (c == '}' && stack.pop() != '{'))
            return false;
        } 
    }
    return stack.isEmpty();
}
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Evaluation of arithmetic expressions

Evaluate the expression

1 * 2 + 3 * 4

Simple left-to-right evaluation is not sufficient.

We must take into account that multiplication has higher 
precedence than addition (* binds more tightly than +).

Intermediate values have to be saved. 

Value = (1 * 2) + (3 * 4) = 2 + 12 = 14.
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Associativity

If two operators have the same precedence, their 
associativity determines which one gets evaluated first.

The expression 4 - 3 - 2 is evaluated as (4 - 3) - 2, since 
minus associates left-to-right.

The expression 4 ^ 3 ^ 2 in which ^ is the 
exponentiation operator is evaluated as 4 ^ (3 ^ 2), 
since ^ associates right-to-left.
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Parentheses

The evaluation order may be clarified by means of parentheses. 

Example:

1 - 2 - 4 * 5 ^ 3 * 6 / 7 ^ 2 ^ 2
may be expressed as

( 1 - 2 ) - ( ( ( 4 * ( 5 ^ 3 ) ) * 6 ) / ( 7 ^ ( 2 ^ 2 ) ) )

Although parentheses make the order of evaluation unambiguous, 
they do not make the mechanism for evaluation any clearer.
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The normal notation used for arithmetic expressions is 
called infix notation (the operators are placed between its 
operands, e.g., 3 + 4).

Evaluation may be simplified by using postfix notation (the 
operators are placed after its operands (e.g., 3 4 +).

The infix expression
1 - 2 - 4 ^ 5 * 3 * 6 / 7 ^ 2 ^ 2

may be written in postfix notation as 
1 2 - 4 5 ^ 3 * 6 * 7 2 2 ^ ^ / -

Notice that postfix notation is parenthesis-free.

Postfix notation
(Reverse Polish notation)
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Evaluation of a postfix expression
1 2 - 4 5 ^ 3 * 6 * 7 2 2 ^ ^ / - (postfix)

1
1

2
1
2

-
-1

4
-1
4

5

5
4
-1

3
-1

1024
3

*
-1

3072

^
-1

1024

6
-1

3072
6

*
-1

18432

2
-1

7
18432

2
2

18432

7
-1

7

2
-1

7
18432

2

^
-1

7
18432

4

^
-1

2401
18432

/
-1
7

-8
-
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class Calculator {
    static int valueOf(String str) {
        IntStack s = new IntStack();
        for (int i = 0; i < str.length(); i++) {
            char c = str.charAt(i);
            if (Character.isDigit(c)) 
                s.push(Character.getNumericValue(c)); 
            else if (!Character.isWhitespace(c)) {
                int rhs = s.pop(), lhs = s.pop();
                switch(c) {
                case '+': s.push(lhs + rhs); break;
                case '-': s.push(lhs - rhs); break;
                case '*': s.push(lhs * rhs); break;
                case '/': s.push(lhs / rhs); break;
                case '^': s.push((int) Math.pow(lhs, rhs)); break;
                }
            }
        }
        return s.pop(); 
    }
}

We assume single-digit numbers
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Conversion from infix to postfix
Dijkstra’s shunting-yard algorithm

Infix string Postfix string (output)operands

operators

Operator stack

All operands are added to the output 
when they are read. 

An operator pops off the stack and onto 
the output all operators of higher or, in 
case of a left-associative operator, equal 
precedence. Then the input operator is 
pushed onto the stack.

At the end of reading, all operators are 
popped off the stack and onto the 
output.
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Conversion from infix to postfix
1 - 2 - 4 ^ 5 * 3 * 6 / 7 ^ 2 ^ 2 (infix)

1

1

2

-

12

-

-

12-

-

1

-

4

-

12-4

^

-
^

12-4

5

-
^

12-45

*

-
*

12-45^

3

12-45^3

-
*

*

12-45^3*

-
*

6

12-45^3*6

-
*

/

12-45^3*6*

-
/

7

12-45^3*6*7

-
/

^

12-45^3*6*7

-
/
^

2

12-45^3*6*72

-
/
^

^

-
/
^
^

2

12-45^3*6*722^^/-
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Parsing

Parsing or syntactic analysis is the process 
of analyzing a string of symbols, either in 
natural language or in computer languages, 
according to the rules of a formal grammar
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Example problem

Objective: 
A program for reading and evaluating arithmetic 
expressions.

We solve an easier problem first: 
Read a string and check that it is a legal arithmetic 
expression. 
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Use a grammar to specify legal arithmetic expressions:

<expression>  ::= <term> | 
          <term> + <expression> |

       <term> - <expression>
<term>  ::= <factor>|
          <factor> * <term> |
          <factor> / <term>
<factor> ::= <number> |
          (<expression>)

Grammar for arithmetic expressions

The grammar is defined by production rules that consist of           
(1) nonterminal symbols: expression, term, factor, and number 
(2) terminal symbols: +, -, *, /, (, ), and digits
(3) meta-symbols: ::=, <, >, and |
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A string is an arithmetic expression if it is possible – using the 
production rules – to derive the string from <expression>.      
In each step of a derivation we replace a nonterminal symbol with 
one of the alternatives of the right hand side of its rule.

Syntax trees

Syntax tree for (3 * 5 + 4 / 2) - 1

       expression
          term         -           expression

        factor     term
            (  expression  )     factor
           term     +  expression     number

factor    *   factor                   term                      1

number      number  factor         /         factor      

    3      5    number               number

                                 4                        2
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Syntax diagrams

expression:
term

+

-

term:
factor

*

/

factor:

number

expression( )
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A Java program for syntax analysis may be constructed directly 
from the syntax diagrams.

Syntax analysis by recursive descent

void expression() {
    term();
    while (token == PLUS || token == MINUS)
      { getToken(); term(); }
}

int token;
static final int PLUS   = 1, MINUS = 2,     
                 MULT   = 3, DIV   = 4, 
                 LPAR   = 5, RPAR  = 6, 
                 NUMBER = 7, EOS   = 8; 
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void factor() {
    if (token == NUMBER) 
        ;
    else if (token == LPAR) {
        getToken(); 
        expression();
        if (token != RPAR) 
            error("missing right parenthesis");
    } else
        error("illegal factor: " + token);
    getToken();
}

void term() {
    factor();
    while (token == MULT || token == DIV)    

    { getToken(); factor(); }
}
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StringTokenizer str;

void parse(String s) {
    str = new StringTokenizer(s,"+-*/() ", true);
    getToken();
    expression();
}

Example of call:  

       parse("(3*5+4/2)-1");
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void getToken() {
    String s;
    try { 
        s = str.nextToken(); 
    } catch (NoSuchElementException e) { 
        token = EOS; 
        return; 
    }
    if (s.equals(" ")) getToken();
    else if (s.equals("+")) token = PLUS;
    else if (s.equals("-")) token = MINUS; 
    else if (s.equals("*")) token = MULT; 
    else if (s.equals("/")) token = DIV;
    else if (s.equals("(")) token = LPAR; 
    else if (s.equals(")")) token = RPAR; 
    else {
        try {
            Double.parseDouble(s);
            token = NUMBER;
        } catch (NumberFormatException e)
          { error("number expected"); } 
    }
}



85

Evaluation of arithmetic expressions
Evaluation may achieved by few simple changes of the syntax 
analysis program.

Each analysis method should return its corresponding value 
(instead of void).

double valueOf(String s) {
    str = new StringTokenizer(s,"+-*/() ", true);
    getToken();
    return expression();
}

Example of call:  

       double result = valueOf("(3*5+4/2)-1");
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double term() {
    double v = factor();
    while (token == MULT || token == DIV)
        if (token == MULT)
          { getToken(); v *= factor(); }
        else
          { getToken(); v /= factor(); }
    return v;
}

double expression() {
    double v = term();
    while (token == PLUS || token == MINUS)
        if (token == PLUS)
          { getToken(); v += term(); }
        else
          { getToken(); v -= term(); }
    return v;
}
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double factor() {
    double v;
    if (token == NUMBER) 
        v = value;
    else if (token == LPAR) {
        getToken(); 
        v = expression();
        if (token != RPAR) 
            error("missing right parenthesis");
    } else
        error("illegal factor: " + token);
    getToken();
    return v;
}

double value; 
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void getToken() {
    String s;
    try { 
        s = str.nextToken(); 
    } catch(NoSuchElementException e) { 
        token = EOS; 
        return; 
    }
    if (s.equals(" ")) getToken();
    else if (s.equals("+")) token = PLUS;
    else if (s.equals("-")) token = MINUS; 
    else if (s.equals("*")) token = MULT; 
    else if (s.equals("/")) token = DIV;
    else if (s.equals("(")) token = LPAR; 
    else if (s.equals(")")) token = RPAR; 
    else {
        try {
            value = Double.parseDouble(s);
            token = NUMBER;
        } catch(NumberFormatException e)
          { error("number expected"); } 
    }
}



89

Syntax diagrams with ^

expression:
term

+

-

term:
factor

*

/

factor:

number

expression( )

^
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double factor() {
    double v;
    if (token == NUMBER) 
        v = value;
    else if (token == LPAR) {
        getToken(); 
        v = expression();
        if (token != RPAR) 
            error("missing right parenthesis");
    } else
        error("illegal factor: " + token);
    getToken();
    if (token == POWER) {
        getToken();
        v = Math.pow(v, factor());
    }
    return v;
}
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File Compression
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File compression

Compression reduces the size of a file

•   to save space when storing the file
•   save time when transmitting it

Many files have low information content. Compression 
reduces redundancy (unnecessary information).

Compression is used for
text: some letters are more frequent than others
graphics: large, uniformly colored areas
sound: repeating patters  
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Redundancy in text
removal of vowels

Yxx cxn xndxrstxnd whxt x xm wrxtxng xvxn xf x rxplxcx 
xll thx vxwxls wxth xn 'x' (t gts lttl hrdr f y dn't kn whr th 
vwls r).
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Compression by counting repetitions.

Compression of text:

The string
AAAABBBAABBBBBCCCCCCCDABCBAAABBBBCCCD

may be encoded as
4A3BAA5B8CDABCB3A4B3CD

Using an escape character (’\’):
\4A\3BAA\5B\8CDABCB\3A\4B\3CD

Run-length encoding is normally not very efficient for text files.

Run-length encoding
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Run-length encoding
Compression of (black and white raster) graphics:
000000000000011111111111111000000000 13 14   9
000000000001111111111111111110000000 11 18   7
000000001111111111111111111111110000    8 24   4
000000011111111111111111111111111000   7 26   3
000001111111111111111111111111111110    5 30   1
000011111110000000000000000001111111    4   7 18 7
000011111000000000000000000000011111    4   5 22 5
000011100000000000000000000000000111    4   3 26 3
000011100000000000000000000000000111    4   3 26 3
000011100000000000000000000000000111   4   3 26 3
000011100000000000000000000000000111    4   3 26 3
000001111000000000000000000000001110    5   4 23 3 1
000000011100000000000000000000111000    7   3 20 3 3
011111111111111111111111111111111111    1 35
011111111111111111111111111111111111    1 35
011111111111111111111111111111111111    1 35
011111111111111111111111111111111111    1 35
011111111111111111111111111111111111    1 35
011000000000000000000000000000000011    1   2 31 2

Saving:

   (19*36 - 63*6) bits = 306 bits

corresponding to 45%
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Fixed-length encoding

The string
ABRACADABRA (11 characters)

occupies 

11 * 8 bits = 88 bits in byte code

11 * 5 bits = 55 bits in 5-bit code

11 * 3 bits = 33 bits in 3-bit code   (only 5 different letters)

D occurs only once, whereas A occurs 5 times.

We can use short codes for letters that occur frequently.
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Variable-length encoding

If A = 0, B = 1, R = 01, C = 10, and D = 11, then

ABRACADABRA

may be encoded as

 0 1 01 0 10  0 11 0 1 01 0 (only 15 bits)

The cause of the problem is that some codes are prefix (start) of 
others. For instance, the code for A is a prefix of the code for R.

However, this code can only be decoded (decompressed) if we 
use delimiters (for instance, spaces)



98

Prefix codes

A prefix code for the letters A, B, C, D, and R:
A = 11, B = 00, C = 010, D = 10, R = 011.

The string ABRACADABRA is encoded as
1100011110101110110001111 (25 bits) 

A code is called a prefix code if there is no valid code word 
that is a prefix of any other valid code word. 

The string can be decoded unambiguously.

However, this prefix code is not optimal.
An optimal prefix code can be determined by Huffman’s algorithm. 
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Binary tries

The code is represented by a tree, a so-called trie (pronounced try).

A

B R C D

0 1

0 1

1 10 0

The characters are stored in the leaves.
A left branch corresponds to 0. 
A right branch corresponds to 1.

Code: A = 0, B = 100, C = 110, D = 111, R = 101.

The string ABRACADABRA is encoded as
01001010110011101001010 (23 bits) 
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Huffman’s algorithm 
(D. A. Huffman, 1952)

Count frequency of occurrence for the characters in the string.
(or use a pre-defined frequency table).

Character  Frequency
      A              5
      B              2
      C              1
      D              1
      R              2

Build a trie by successively combining the two smallest frequencies.
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Huffman’s algorithm (1952)

A
5

B
2

R
2

C
1

D
1

24

11

Start with a single node tree for each character.
As long as there is more than one tree in the forest:
    combine the two “cheapest” trees into one tree
    by adding a new node as root.

The tree is optimal (i.e., it minimizes ∑depthi*frequencyi) – but 
it need not be unique.

6

David Huffman

Greedy algorithm
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class HuffmanTree {
    HuffmanTree(Node root) {
        this.root = root;
    }

    Node root;
}

class Node {...}

class Character extends Node {...}

Implementation of Huffman’s algorithm

Representation of the tree:
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class Node implements Comparable<Node> {
    Node(int w) { weight = w; }

    Node(int w, Node l, Node r) { 
        weight = w; left = l; right = r; 
    }

    public int compareTo(Node n) {
        return weight - n.weight;

}

    int weight;
    Node left, right;
}

weight contains the sum of the frequencies of the 
leaves in the tree that has this node as root.
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class Character extends Node {
    Character(char c, int w) {
        super(w); 
        character = c;
    }

    char character;
}

Character objects are leaves of the tree



108

n1

left right

n2

HuffmanTree buildHuffmanTree(List<Character> list) {
    PriorityQueue<Node> pq = new PriorityQueue<>();
    for (Character c : list)

pq.add(c);
    while (pq.size() > 1) {
        Node n1 = pq.remove();
        Node n2 = pq.remove();
        pq.add(new Node(n1.weight + n2.weight, n1, n2));
    }
    return new HuffmanTree(pq.remove());
}
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left right

parent
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Problems for Huffman’s algorithm

•  The encoding table must be transmitted

•  Two parses of the file (frequency counting + encoding)

•  Typically 25% space reduction, but not optimal
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LZW compression
(Lempel, Ziv and Welch, 1977)

Successively builds a dictionary in form of a trie.

Example: ABRACADABRA

0

A
1

B
2

R
3

C
4

D
5

B
6

A
7

Encoding: ABR1C1D1B3A
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A cross-reference generator

Development of a program that scans a Java source file, 
sorts the identifiers, and outputs the identifiers, along with 
the line numbers on which they occur.

Identifiers that occur inside comments and string constants 
should not be included.  
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Example
/* Trivial application that displays a string */
public class TrivialApplication {
    public static void main(String[] args) {
        System.out.println("Hello World!");
    }
}

input:

output: String: 3
System: 4
TrivialApplication: 2
args: 3
class: 2
main: 3
out: 4
println: 4
public: 2, 3
static: 3
void: 3

1
2
3
4
5
6



126

Data structures and algorithm

Build a binary search tree of all found identifiers.
Each node contains an identifier and a list of the lines 
on which it occurs.
Finally, print the nodes of the tree in sorted order. 

Map<String,List<Integer>> theIdentifiers = 
new TreeMap<>();
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public void generateCrossReference() {
    Map<String,List<Integer>> theIdentifiers = 
        new TreeMap<>();
    String id;
    while ((id = tok.getNextID()) != null) {
        List<Integer> lines = theIdentifiers.get(id);
        if (lines == null) {
            lines = new ArrayList<Integer>();
            theIdentifiers.put(id, lines); 
        }
        lines.add(tok.getLineNumber())); 
    }
    // ... print the cross-references  ...
}

Building the map
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Example of a binary search tree

key: "TrivialApplication"

value: [2]

key: "main"

value: [2] 

key: "public"

value: [2 3] 

key: "static"

value: [3] 

key: "void"

value: [3] 

key: "println"

value: [4] 

key: "out"

value: [4] 

key: "class"

value: [2] 

key: "System"

value: [4]

key: "args"

value: [3] 

key: "String"

value: [3] 
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