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Abstract Integrity constraint and abduction are important in query-answering systems for
enhanced query processing and for expressing knowledge in databases. A straightforward
characterization of the two is given in a subset of the language CHR

�

, originally intended for
writing constraint solvers to be applied for CLP languages. This subset has a strikingly simple
computational model that can be executed using existing, Prolog-based technology. Together
with earlier results, this confirms CHR

�

as a multiparadigm platform for experimenting with
combinations of top-down and bottom-up evaluation, disjunctive databases and, as shown
here, integrity constraint and abduction

1 Introduction

Constraint logic programming (CLP) [10] is established as an extension to logic
programming that adds higher expressibility and in some cases more efficient query
evaluation. CLP has also given rise to a field of constraint databases [14].

In the present paper, we suggest CLP techniques applied for defining database
integrity constraints (ICs). ICs can be used for controlling (extensional or view) up-
dates and provide additional flexibility for indirect definitions of database predicates
by means of abductive definitions. As is well-known, abduction gives also rise to a
kind of hypothetical queries that go beyond asking to the the logic consequence of
the current database state.

A straightforward characterization of these features is provided in the CHR
�

language (to pronounce “CHR-or”), originally intended as a declarative language for
efficient implementation of constraint solvers; CHR

�

extends the CHR language [8]
with disjunctions in the body of its rules and is executable by existing CHR imple-
mentations.

In addition to provide a common framework, the results indicate that implemen-
tation methods that have been developed for efficient execution of CLP programs
also can be applied for bottom-up evaluation in deductive databases with ICs and
abduction. Such an approach is interesting for two reasons: There are cases where
query answering requires the full versatility provided by a CLP environment and,
secondly, it serves as an experimental platform for designing new advanced func-
tionalities to improve systems for storage and management of large data quantities.



In a previous paper [3], CHR
�

has been demonstrated as a multiparadigm platform
for combinations of top-down and bottom-up evaluation and disjunctive databases
which, as shown here, also integrates with ICs and abduction.

The paper is organized as follows: The next section introduces a subset of the
CHR

�

language, its declarative and operational semantics. Section 3 presents a
translation of logic programs with integrity constraints into CHR

�

programs. In
Section 4, we show how abductive frameworks can be formalized in CHR

�

. Finally,
we conclude with related work and a summary. No proofs are included for reasons
of space.

2 CHR
�

The syntax and semantics of the subset of CHR
�

used in the present paper is briefly
reviewed; see [3] for full details.

Explicit guards are omitted and no negation has been included in the language
as it can be simulated by means of abduction and integrity constraints.

First-order terms, predicates, and atoms are defined in the usual way. We use
two disjoint sorts of predicate symbols: One sort for predefined predicates and one
sort for free predicates. Intuitively, predefined predicates are defined by means of a
logical theory

���
in such a way that statements of the form
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�� is a subset of variables in
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are decidable. The legitimate forms of predefined predicates and their meaning is
specified by a constraint domain for some CLP language and the sort of judgments
shown above abstracts the behavior of an ideal constraint solver. Free predicates are
those defined by a CHR

�

program.
The set of predefined predicates includes

�
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A CHR
�

program is a finite set of rules. There are two basic kinds of rules:
Simplification rules ;=<?> and propagation rules ;A@B> , where the head ;
is a non-empty conjunction of atoms and the body > a goal. A goal is a formula
constructed from atoms by conjunctions and disjunctions in an arbitrary way; “true”
denotes the empty conjunction and “false” the empty disjunction. A query is the
same as a goal. Predefined predicates cannot occur in heads of rules.

A simple goal is one without disjunctions. CED�FHG denotes the conjunction of all
predefined atoms of a simple goal C . Conjunctions can be permuted since conjunc-
tion is commutative and associative, and similarly for disjunctions.

The declarative semantics of CHR
�

is given by its embedding in first order
logic. The logical meaning of a simplification rule ;I<J> is a logical equivalence:



� �� 	 ; � � �� >  . The logical meaning of a propagation rule ; @�> is an implica-
tion:

� �� 	 ; � �
�� >  . In both cases,
�� refer to the variables of > that do not occur

in ; and
�� the remaining variables of the rule. The logical meaning of a CHR

�

program is the union of the logical meanings of its rules and
� �

.
The operational semantics of CHR

�

is given by a transition system whose states
are goals considered as a disjunction of subgoals. A subgoal C is failed if C�D�F G is
unsatisfiable and a state is failed if all its subgoals are failed.

Given a CHR
�

program � , the transition relation ���� is defined by the three
kinds of derivations of Figure 1, Simplify, Propagate, and Split, applied to sub-
goals; the subscript � is left out when clear from context. A derivation for a query�

in a program � is a sequence
� ��� � # � � #�%�%�% of states with

�
	 �����	 � � , however
so that no step can be applied to a failed subgoal and Propagate is not applied more
than once to the same constraints in a given subgoal.1 A final state in a derivation
is either failed or a successful one to which no derivation step can be applied and
which has at least one successful subgoal. Notice that the Split step ensures that
successful subgoals always are simple.

Simplify

If 
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Propagate

If 
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#" $'&)( *-,.�� 
��!�/�10)�2�
then 
�� 0 3 "��
5* 6 
��!�/� 0 3 � 3 � 0 3 "��

Split


#" �=< " � � 3 ">5*?6@
#" � 3 "�� < 
#" � 3 "��
Figure1. Derivation Steps of CHR

�

To Simplify an atom ;7A means to replace it by an equivalent formula given by
a rule in the program: A fresh variant

	 ; < >  of a simplification rule is made and
;8A replaced by the body > and the equation ; � ;?A , provided ; � ;7A together with
the other the predefined atoms in the current subgoal is satisfiable. A Propagate
transition is like Simplify, except that it keeps the atoms ; A in the state; its purpose
is to add logically redundant information which may make it possible for other rules
to be activated. Notice that simplification and propagation applies matching and not
unification: ;7A must be an instance of ; , i.e. the derivation step can only instantiate

1 This to prevent trivial nontermination; see [2] for the formalization of a computation rule
with the indicated properties.



variables of ; but not variables of ;?A . (If unification were used instead of matching
in a committed-choice language such as CHR

�

, completeness would be lost.)
The Split transition can always be applied to a state containing a disjunction.

No other condition needs to be satisfied. This transition leads to branching in the
derivation in the sense that one subgoal is made into two, each of which needs to be
processed separately. In Prolog, disjunction are processed by means of backtracking,
one alternative is investigated and the second only if a failure occurs. For CHR

�

,
we need to investigate both branches in order to respect the declarative semantics;
however, in an implementation this may be done, e.g., by backtracking (storing the
results) or by producing copies of parts of the state to be processed in parallel or
interleaved.

Spliting implies that a rule with a disjunction in its body is not just syntactic
sugar for two clauses without disjunctions, i.e., ; < > �

� > � means something
different than the combination of ;J< > � and ; <A> � . In a derivation, the use
of the rule with the disjunction means that both > � and > � occur in the subsequent
state, whereas using the two other rules means a commitment to one of > � and
> � , i.e. one transition is chosen nondeterministically (in the sense of don’t-care
nondeterminism, i.e., without backtracking).

Example 1. Let � be the following CHR
�

program:

������� < � ����� �
	 �����
�
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The evaluation of a query ������� wrt. this program leads to the derivation

������� �� � ����� �
	 ����� �� � ������� ��	 ����� �� � ������� � � 	�� �

with a successful final state.

Simplification and propagation rules can be added for the predefined constraints in
order to achieve more compact states, but from a semantic point this is unnecessary.
In the examples that follow, we assume the equations in a subgoal be eliminated by
the application of a suitable substitution and for brevity, we may sometimes leave
out failed subgoals. The CHR

�

programs that we use can be executed directly by
current implementations on CHR using Prolog’s semicolon on right-hand sides and
backtracking to produce all successful subgoals.

3 Logic programming with integrity constraints in CHR
�

As a first step towards a characterization of abduction, we show how a program � ,
written in a constraint logic language given by the predefined predicates of CHR

�

,
can be written as an equivalent CHR

�

program  
� and how integrity constraints
can be added to  
� . We distinguish predicates into intensional, defined by rules,
and extensional ones, defined by finite sets of ground facts.



For each intensional predicate
4 � 9 defined by a number of clauses in � ,
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variables � 	 do not occur in the original rules for
4 � 9 . For each extensional predicate4 � 9 defined by a set of facts in � ,

4 	 ' �
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 �� has a propagation rule, called the closing rule for
4 � 9 , of the form
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In addition,  �� has one propagation rule called extensional introduction rule of the
following form, listing all facts of all extensional predicates of � .

true @�� �

 ������
 � �

Integrity constraints which can be added to  
� are propagation rules of the form

� � 
 ������
 � � @ �

where � � #�%�%�% # � � are extensional atoms,
�

an arbitrary body.
The evaluation of a query will proceed in a top-down manner, unfolding it via

the definition rules for the predicates applied, leading to a state giving sets of “hy-
potheses” about extensional predicates. The closing rules will prune this set so that
only those hypothesis sets that are consistent with the facts of the original logic
program are accepted. Notice that closing rules syntactically are special cases of in-
tegrity constraints and that they also serve as such, ensuring that no new extensional
facts can be added.

Integrity constraints are not necessarily involved in the processing of a query but
there are cases where the integrity constraint, as a kind of semantic optimization, can
identify failures without consulting the actual extension (as embedded in closing and
extensional introduction rules); this is shown in the example below. The extensional
introduction rule ensures that no successful state can be reached without the integrity
constraints being checked.

Example 2. The following CHR
�

program defines extensional � � ��
 � 	 , ������
 � 	 ,
and � � 	 � ��� predicates and intensional � � 	 � ��� and ��������� ��� . The integrity con-
straints state natural requirements that any set of extensional facts should satisfy.
The predicate “ �� ” is predefined representing syntactic nonequality.
��� � � � � � � � ��� 	�� ��� �
��� 	 � ��� � ��! " � < � � ��
 � 	 � ��! " � � �����#
 � 	 � ��! " �
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The query ��� ��� � ��� ��� � � � 	 ! � � 	 � � will be unfolded to different subgoals involving
� � ��
 � 	 and � ����
 � 	 hypotheses, some of which fail but � � ��
 � 	 ��� ��
 � ! � � 	�� � 

� � ��
 � 	 ��� ��
 � ! � � � � 	 � survive and the query succeeds.

When a query is processed, the representation of extensional predicates by the
extensional introduction rule introduces the facts into the state so that the integrity
constraints are processed correctly, e.g., the query true succeeds, showing that the
integrity constraints indeed are satisfied. The query ������� � ��� ��� � � � ! � � 	�� � will
need the acceptance of � � ��
 � 	 ��� ��
�� ! � � � ��� or �����#
 � 	 ����� � � ! ��� � � � which are
rejected by the closing rules and thus the query fails.

The query � � �#
 � 	 ����!���� 
 � ����
 � 	 ����!���� can be brought to failure just by
checking the integrity constraints.
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 � ������� � � � ����� ��
� �������
The correctness properties of the transformation described above can be character-
ized as follows.



� For any positive Horn clause program � , the definition rules and extensional in-
troduction rule of  
� coincide with the Clark completion of � , and the closing
rules are logically redundant. Thus the declarative semantics is preserved under
the transformation.

� A successful subgoal contains a copy of the extensional part of � together with
a satisfiable collection of predefined atoms that corresponds to a computed an-
swer: equations characterize a substitution to the variables of the initial goal
and if there are other atoms of predefined predicates, they serve as further con-
straints on those variable.

� If the database does not satisfy its integrity constraints, any initial goal has a
failed derivation and with the formulation of a suitable computation rule we can
get the result that any derivation will fail.

� Completeness is obvious for nonrecursive programs, whereas for recursive pro-
grams termination is not guaranteed. However, with a suitable computation rule,
we can achieve termination analogous to a traditional CLP implementation for
the language in which � is written. A completeness result can be formulated
which collects the successful subgoals in a perhaps infinite derivation.

The formalism allows us also to define new predicates indirectly by means of in-
tegrity constraints that cannot be defined in a feasible way in positive constraint
logic programs. It is sufficient to illustrate the principle by means of an example.

Example 3. We consider the task of extending the program of example 2 with an
� 	 � 
 � � predicate with the intended meaning that � 	 � 
 � � ����� holds for any � which
is a ��� 	 � ��� but has no � � ��
 � 	 or ������
 � 	 . A definition is required which is valid
for any instance of the extensional predicates in the program, which means that an
extensional listing of � 	 � 
 � � facts is unacceptable. This can be expressed by adding
the following three rules to the program.
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 � � � " � @ � � 	 � ��� � "�!�� �
�
� 	 � 
 � � � " � 
 � � ��
 � 	 ����! " � @ ������� � �
� 	 � 
 � � � " � 
 � ����
 � 	 ����! " � @ ������� � �

The query � 	 � 
 � � ��� � results in a final state

������� ��
�� 
 � 	 � 
 � � ��� ��
 � � 
��  � ��������� � � 
 � 	 � 
 � � ����� � ��� 
��  �
������� � � � 
 � 	 � 
 � � ��� � � � � 
��  

where � is the conjunction of the extensional facts in the program.
We see that the first rule defines a range for the � 	 � 
 � � , giving rise to the pos-

sible instantiations of � , and the two next ones remove those values for � that have
a � � 	 � ��� .

This definition cannot be rewritten as a positive definition, and to express it
in Prolog, we need to rely on the dubious procedural semantics of Prolog’s ap-
proximation of negation-as-failure, e.g., as follows. � 	 � 
 � � �����
	�� � � 	 � ��� ����! � !

�� � � ��
 � 	 ����! � ! 
�� � ����
 � 	 ����! � .
We return to this example in the next section.



4 Abduction and CHR
�

Abductive querying goes beyond what can be formulated by traditional queries con-
cerning membership of the current state of a database: A goal, typically not implied
by the database, is stated to the system and the answer describes ways how the goal
could be achieved as a consequence of the database by additional hypotheses about
the database state.

Abduction is usually defined as the process of reasoning to explanations for a
given goal (or observation) according to a general theory that describes the problem
domain of the application. The problem is represented by an abductive theory.

An abductive theory is a triple
	 � # � #�� �  , where � is a program,

�
is a set of

predicate symbols, called abducibles, which are not defined (or are partially defined)
in � , and �

�
is a set of first order closed formulae, called integrity constraints.

An abductive explanation or solution for a ground goal C is a set � of ground
abducible formulae which when added to the program � imply the goal C and
satisfy the integrity constraints �

�
, i.e.

����� � � C and ����� � � � �

In general, the initial goal as well as the solution set � may also contain existen-
tially quantified abducibles together with some constraints on these variables [12,4,6],
and such solutions are also produced by the method we describe below. We ignore
the issue of minimality of solutions which often is required for abductive problem,
e.g., diagnosis.

We consider here abduction for positive programs of the sort introduced in Sec-
tion 3 and with integrity constraints formulated as CHR

�

rules as described. Ab-
ducibles must be chosen among the extensional predicates.

For such an abductive theory
	 � # � #�� �  , we define its translation into a CHR

�

program  	 � # � #�� �  similarly to translation of Section 3: The only difference is
that the closing rule is left out for each abducible predicate; the extensional intro-
duction rule contains as before all extensional facts, including possible initial facts
for abducible predicates.

Example 4. The definition of the � 	 � 
 � � predicate considered in example 3 is a
special case of this translation with � 	 � 
 � � considered as the only abducible predi-
cate.

We consider a small example also used in [13].

Example 5. Consider an abductive framework with the following program and in-
tegrity constraint:

��� 	 � � ����� � � 	 � ��� ���� 	 � � ��� ��� � � � ���� ��� � � � 
 � � � ��� � � ���������



Predicates � � � � � � � ! ����� � � 	 � ��� and � ��� � � are the only abducible. Obviously the
abductive solutions for � � 	 � 
 � � � � � is

� ����� � � 	 � ��� ! � � � � ��� . These solutions
are obtained by the following CHR

�

program.
��� 	 � < ����� � � 	 � ��� � � � ��� � � � ���� ��� � � � 
 � � � ��� @ � ���������
With this program the evaluation of the goal � � 	 � 
 � � � � � leads to the following
derivation:

� � 	 � 
 � � � ���
�� ����� � � � 	 � ��� � ��� ��� � � � � 
 � ��� � �
�� ����� � � � 	 � ��� 
 � � � � ��� � ��� � ��� � � � 
 � � � � ���
�� ����� � � � 	 � ��� 
 � � � � ��� � � �������
In the following, we show that our framework avoids problems with variables that
exist in some abduction systems.

Example 6. We continue example 2 and let predicates � � ��
 � 	 and �����#
 � 	 (but not��� 	 � ��� ) be abducible. The translation of this abductive framework is as shown in
example 2 with the closing rules for � � ��
 � 	 and ������
 � 	 removed.

The query ��� ��� � ��� ��� � � � ! � � 	�� � succeeds in a final state containing two differ-
ent abductive explanations (i.e., in different subgoals) � � ��
 � 	 ��� ��
 � ! � � � � 	 � and
� � ��
 � 	 ����� � � ! � � � � 	 � . The abductive query ����� � � ��� � ��� ��� � � � 	�� � fails since��� 	 � ��� is not abducible, and thus the closing rule for � � 	 � ��� will reject the hy-
pothesis � � 	 � ��� � ��� ��� � ! � � .

We can illustrate final states including variables by changing the example so that��� 	 � ��� becomes abducible, i.e., we remove the corresponding closing rule.
Now the query ��������� ��� � ��� ��� � ! � � 	�� � leads to the following final state where

� is the conjunction of extensional facts in the program:
� � � ��
 � 	 ��� ��
�� ! ��� ��� � � 
 � � 	 � ��� � ��� ��� � !�� � 
�� �
�
� ������
 � 	 ����� � � ! ��� ��� � � 
 � � 	 � ��� � ��� ��� � !�� � 
�� �
This first subgoal gives the abductive explanation for the ��������� ��� observation that
� ��
 � is the common � � ��
 � 	 of ������� � and � � 	�� and that the individual ������� � must
be a � � 	 � ��� whose precise gender is not necessary to specify. The second subgoal
is similar, explaining � ����� � � � alternatively by means of a �����#
 � 	 fact.

The query ������� � ��� � ������� � ! � � 	�� � � � leads to a final state with two successful
subgoals, one of which is

� � ��
 � 	 ����! ������� � � 
 � � 	 � ��� ����! � ������� 
��� 	 � ��� � ��� ��� � !	� � 
 � � ��
 � 	 ����! � � 	
� � � � 

��� 	 � ��� � � � 	�� � � ! " � 
�� �
The present approach to abduction avoids the problems with variables in abducibles
that exist in some abduction algorithms. Three persons are necessary in the expla-
nation, � � 	�� � � , ��� ��� � , and their unknown � � ��
 � 	 . The unknown � � ��
 � 	 must be
� ����� and the gender of the others does not matter.



The correctness properties of the translation of abductive frameworks into CHR
�

program described above can be summarized as follows; we consider an abductive
framework written as a CHR

�

program  	 � # � #�� �  and an initial goal C .

� For any successful subgoal
� 
 � 
 � in a derivation for C , where

�
are

abducible atoms (not necessarily ground),
�

predefined, and � the extensional
facts of � , and any grounding substitution � which satisfies

�
, we have that

��� � �
� � C � and ��� � �

� � � � .
� If no successful subgoal exists in a derivation for C , there is no abductive ex-

planation for (any instance of) C .
� Completeness is obvious for nonrecursive programs; for recursive programs the

situation is similar to what we discussed for the translation of nonabductive
programs into CHR

�

.

Finally, we notice that this implementation in CHR
�

of abductive frameworks with
integrity constraints is suited for implementing so-called explicit negation [16] so
we can claim also to support negation in our framework. The technique is to intro-
duce, for each predicate

4 � 9 , another abducible predicate not-p
� 9 characterized by

the integrity constraint
4 	 ��  
 not-p

	 ��  @ false.

5 Conclusion and related work

We have shown a straightforward characterization of important aspects of query-
answering systems by means of CHR

�

programs. Programs of constraint logic
languages with integrity constraints, important for describing “fine-grained” query
evaluation and for constraint databases, can be written directly as CHR

�

programs
that can be executed with current CHR technology. Abductive frameworks fit nat-
urally into this model which provides an implementation that handles correctly a
problem with variables in abducibles that exists in some earlier approaches to ab-
duction, e.g., [11,7]. We can show that indirect characterization of predicates by
means of integrity constraints and negation can be expressed also in straightforward
ways. This shows that CHR

�

is useful as a specification language and an imple-
mented, experimental framework for databases and query-answering mechanisms
in general. Another important consequence of these results is to demonstrate that
efficient implementation techniques for constraint logic programs, as embedded in
the underlying CHR environment in deed is applicable for a variety of database
applications and query answering mechanisms.

The approach is characterized by its simplicity; we do not need to use guards
provided by CHR

�

and the procedural semantic can be described by a quite sim-
ple computational model. The constraint store is used to hold the extensional part
of the database, including those new facts suggested in an abductive step, and in-
tegrity constraints serve as watchmen ready to strike as soon as an inconsistency is
observed. The relation between integrity constraints and constraint logic has been
suggested before in [5] in the shape of an incremental top-down evaluation method.



There are strong similarities between the work described in this paper and the
work of Kowalski et al [13]. Both approaches originated from different starting
points but the final result is very similar. Comparing with [13], their proof procedure
may involve rewriting of complex formulae that likely can be optimized by methods
similar to our use of an underlying CHR environment. Although not investigated in
detail, we notice also a similarity between some of our examples and the semantic
query optimizations described in [13,17].

CHR
�

can be seen as an extension of disjunctive logic programming with for-
ward chaining [15] by constraints. The requirements for a constraint solver are es-
sentially the same as those posed by traditional constraint logic programming sys-
tems with backward chaining.

It turns out that the Prolog-based implementations of CHR [9] are already able
to evaluate CHR

�

programs, i.e. we use the disjunction of Prolog “ � ”. Like in CHR,
CHR

�

rules are compiled into Prolog clauses in textual order. More examples de-
scribing the use of CHR

�

are available in [1]. The examples can be executed online.
To improve the efficiency of CHR

�

, we plan to implement it at lower level such as
modifying the underlying Prolog abstract machine. Furthermore, we plan to improve
CHR

�

by adding strategies, i.e. declarative control on rules.
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